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We investigate an infinite dimensional analog of the theory of Lagrangian manifolds with com- 
plex germs. To such a manifold we assign a canonical operator that depends on creation and an- 
nihilation operators. This operator is by definition the geometrical quantization for these isotropic 
manifolds with complex germs. We prove that for secondary quantized equations this quantiza- 
tion is the asymptotics for the Cauchy problem. Results of Berezin are used thouroughly in the 
construction of the canonical operator and in proofs of the theorems. 
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1 Introduction 



Construction of asymptotic solutions for multiparticle Schrodinger and Liouville equations 
as the number of particles tends to infinity was investigated in |l6l. The construction 



looks like follows. Both Schrodinger and Liouville multiparticle equations may be presented 
in a unified form through the creation and annihilation operators: 



Here $ is a Fock space element, ifjf are creation and annihilation operators in this space 

0, and we sum over the repeating indices, m, n, A;, l,r,s = 1, oo. 
The coefficients Tmn and Vkirs are 

1. for the Schrodinger equation 



Tmn = j dxr^{x){-A/2 + U{x))fn{x), 

Vklrs = J dxdyfl{x)f;{y)V{x,y)friy)fs{x), 
x,y eR'',u e N, 

where {/i, /2, . . .} is an orthonormal basis in L'^(R'^), A is the Laplace operator in R'", 
U is an external potential, V is the potential of the interparticle interaction. Form (|ip 
of the multiparticle Schrodinger equation originates to papers 0, ^ |, ||. 

2. for the Liouville equation 



Vklrs = i J dpidp2dqidq2fkiPi,qi)fliP2,q2) 
(dV{qi,q2) d dV{qi,q2) d \ 

■ — s 7r~ + — s ^ fr{puqi)fs{p2,q2), 

\ oqi opi oq2 op2 J 

p,q,Pi,qi,P2,q2 eR'",i^ e N, 

where {/i, /2, . . .} is an orthonormal basis in L^(R^''), U and V are as in the previ- 
ous case an external potential and the interparticle interaction potential respectively. 
Schonberg [IS, 20 was the first one who suggested the form (|l|) for the multiparticle 
Liouville equation, see also jlSl . 



The asymptotics of the solution of equation (|I]) was constructed as follows. After the 
substitution y/exjjf = (pf equation (|I|) becomes 



9$ ... 



(2) 
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for 



1. 
2 

where 

[07,0/1 = ^5,7 (3) 

Property @ allows to apply the quasiclassical methods to equation (§) with e being the 
parameter of the quasiclassical expansion. 

Since the mean number of particles in the state $ is equal to 0, |12] 



N= ^ ' V ' = -A^i2;i^L^,/ = i,oo 
($,$) e ($,$) 

and the quantity ($, 0/'0;~<l')/($, <l>) is of order e*^ the quasiclassical methods allow to con- 
struct approximate solutions of the equation at e ^ 0, N ^ oo, eA^ —>■ a = const. 

To the equation (0) there corresponds a classical infinite dimesional Hamiltonian system 
with the Hamiltonian H (^^^, ^^^)- 

The results relating to statistical physics may be rigorously justified. For a part of them 
such justification was given in WE . 



An analogous parameter arises in quantum field theory. Considering formal asymptotic 
expansions over this small parameter does not allow however to justify this asymptotics 
since the quantum field theory itself does not have rigorous mathematical meaning. Some 
approaches to this problem have been developed only in partial cases, see |^. And 
without its solution a justification of heuristic asymptotics is of course impossible. Only the 
postulated perturbation theory series makes sense in the quantum field theory up to now. 
One can expect that a geometrical quantization coinciding with the " classical" equations in 
the case when all the commutators vanish should be postulated as well. 

The concept of geometrical quantization has been essentially introduced in the works by 
Bohr, Sommerfeld, and de Broglie, even before the works by Schrodinger, Heisenberg, and 
Dirac. It is also a rapidly developping concept in modern mathematics p], |10 . 



This paper is organized as follows. Section 2 contains definition of a canonical operator 
in Fock space. We define objects of geometric quantization - Lagrangian manifolds with 
complex germs, and assign elements of Fock sapace to these manifolds, justify a connection 
between our and traditional definition of a canonical operator. These definitions differ be- 
cause of divergences in infinite dimensional case. Traditional definition is not applicable in 
this case. In section 3 we define canonical transformation of a Lagrangian manifold with 
complex germ and justify germ axioms. We show that a canonical operator approximately 
satisfyes corresponding secondary - quantized equations. Theorem is formulated in section 
4. Section 5 contains the construction of another asymptotics with the help of complex germ 
creation and annihilation operators. Many examples are cited in sections 4, 5. In section 6 
we prove the theorem. 
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2 A canonical operator 



We consider in the present paper finite dimensional isotropic manifolds with infinite dimen- 
sional complex germ in an infinite dimensional phase space (see the definition below). We 
assign a canonical operator to such a manifold. For the sake of simplicity we give a not 
absolutely invariant definition of the canonical operator. This definition is however sufficient 
for solving the Cauchy problem. 

This canonical operator approximately satisfies the corresponding secondary quantized 
equations provided that the initial conditions for these equations correspond to isotropic finite 
dimensional manifolds (or, in the stationary case, there exist stable isotropic manifolds). 

In specific examples such isotropic manifolds usually have dimension 1 or 0. 

2.1 Objects of geometrical quantization 

Define now the objects of geometrical quantization. 

By Ti"^ denote the space of complex square summable symmetric functions of n variables 
ii, . . . , in G N. Introduce in 7^" a scalar product by the following formula 

oo 

Denote by H the Fock space ©J^^qTY", and by G the fc-th component of $ G 7Y. 
Consider creation and annihilation operators acting in Ti in the following way: 

k 

1=1 

3,31 e N. 

By $0 denote the following element of the space H: = l^'^o^ = 0,z > 1. As usual 
we call elements of the space H state vectors in the Fock presentation. 

We will also use in the present paper the presentation of elements in Ti as the Berezin 
generating functionals 0. 

To each element $ G 7i we assign the generating functional 

oo -| oo 

n=0 V '^I ii,...,i„=l 

oo 

a* G C, E < oo- 

i=i 

In this presentation the creation operators are multiplications by a*, and the annihi- 
lation operators ip~ are derivation operators 8/ da* 0. 
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We will also make use of the Schrodinger coordinate presentation (or the Q-presentation) . 
In this presentation we assign to each element $ G 7^ the functional 

oo 1 oo 

n=0 Vn! ii,...,i„=i 

n oo 

. Hiiq,, - 69/%J(26)-V2] exp(- E q^/2e). 

1=1 i=l 

In this presentation the creation and annihilation operators i/jf have the form t/j^ — 

{Qj T ed/dqj)/V2e. 
By C denote the set 

oo 

C = {(Pi, Qi; P2, Q2\ . . .) : e R, e R, E(^' + Ql) < °°}- 

i=l 

Let us define now finite dimensional isotropic manifolds and corresponding Lagrangian 
manifolds with complex germs. 

Let A*^ be a fc-dimcnsional surface in C, and Ti,T2, ■ ■ ■ ,Tk local coordinates on A*^. For 
the sake of brevity denote the sequence (Pi, P2, P3, . . .) by P, the sequence (Qi, Q2, Q3, ■ ■ ■) 
by Q, and the sequence (ri, T2, . . . , Tk) by r. 

Definition 1 A manifold h}' — {P — P{t),Q — Q{t)} is called isotropic if the following 
axioms hold 

ml) For any Ai, . . . , A^, Aj e {0, 1,2,.. .}, i — l,k the derivatives 

Q\i+...+Xf, ^Ai+...+Afe 

-P,, ^ xzQj'> J ~ 1) 2, 3, . . . 



exist and the series 



E 



' QAi+...+Afc 



+ 



Q3 



converges. 
m2) // 



E 



=1 "^'w 



0, 



for a e R ^/len = 0, m 1, k. 



m3) 



Denote by the universal covering space of the isotropic manifold A'^. 
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Definition 2 A complex germ is a set of planes r{T),T e M'^ in the abstract space xR°°. 
Each plane consists of the vectors 

( Wi{a,T) \ 

W2(Q!,t) 



Z2{a,T) 



\ 



Wi{a,T) = J2 Bij{T)aj, i = l,oo, 



Zi{a,T) = T, Cij{T)aj, i = l,oo, 



where a ranges over infinite sequences a — {ai, 0:2, . . .){ai & C,i — 1, 00, ^ \ai\'^ < 00) and 

i=l 

the following axioms hold: 

rl) Let t',t" be two points of the universal covering space such that they project into 
one and the same point of A.^ . Then there exists an unitary operator A{t ,t ) such 
that 

B{t") = BiT')AiT',T"),CiT") = C(rXr',r"), 



r2) For a — l,k,i — l,oo 



Bia{r) = dPi{T)/dTa,Cia{r) = 9Q,(r)/9r„. 



r3) 



r4) 



B^{t)C{t) - C^{t)B{t) = 0. 
(Here B^ and are transpose matrices to B and C respectively.) 

C+{r)B{r) - B+{t)C{t) = iL, 

where L is the diagonal matrix with first k diagonal elements equal to zero and all 
others to 1. 

r5) For any Ai, . . . , A^; A, G {0, 1,2,.. .}, i = l,k the derivatives 



. . . dr^' 



V2 



Q{Xl,...,Xk) — 



drt^ . . . dri 



%/2 



exist, operators G^^^'^^^'^''^ are bounded, and operators - are Hilbert- Schmidt 
operators. 

r6) The operator (C(t) — iB{T))/y/2 has a bounded inverse operator. 

A pair consisting of an isotropic manifold and a complex germ will be called a Lagrangian 
manifold with complex germ since they form together a germ of an infinite dimensional 
complex Lagrangian manifold. 
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Remark 1 Let r(T'),r(T") be the planes in two points t' ,t" of the universal covering space 
that project into one and the same point of the isotropic manifold A'^. It follows then 
from the axiom rl that these two planes differ from each other only by a parametrization. 

Remark 2 In the finite dimensional case axioms r2-r4 are equivalent to traditional axioms 
of the complex germ / |73| , [T^ 

Remark 3 For a zero dimensional isortopic manifold the axioms of the complex germ mean 
that the matrix 

(?S) 

is the matrix of a Berezin proper canonical transformation (see 1^). 

Assign the function 0z(r) = {Qi{t) + iPi^r)) / \^ to each isotropic manifold A*^ = {P = 

PiT),Q = QiT)}. 

2.2 Heuristic motivation for definition of a canonical operator 

Consider a heuristic method to derive state vectors, which are approximate solutions to 
secondary-quantized equations (H) and corresponds to Lagrangian manifolds with complex 
germs. 

Equation in Q-presentation has the form of infinite-dimensional Schrodinger equation, 

where operators Qj are multiplications by g^, operators Pj are derivation operators —ied/dqj. 
Thus, Qj and Pj are infinite-dimensional analogs of coordinate and momentum operators, 
while e is the analog of Planck constant. As it was mentioned above, one can apply semi- 
classical technique to equation (H) as e tends to zero. 

Semiclassical approximate solutions of the following type 

0(g)expQ5(g)), (5) 

where the sequence (gi,g2,---) is denoted by g, S' is a real functional, are widely used in 
physics ( see, for example, [p!^] ). Functionals (H) are of order 0(1) as e — at all q. 

In this paper we consider yet another type of asymptotic solutions to quantized equations. 
These solutions are not small and have rapidly oscillating form only if the distance between 
the point q and surface 

{QiT),TeA'} (6) 
is of order 0(e^/^) as e tends to zero, i.e., the following quantity 

oo 

mmJ2iq, - Q,iT)Y (7) 
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is of order 0(e). If quantity (0) is of order 0{e^^^),6 > 0, then these solutions are exponen- 
tially small. 

First of all, consider the case of zero-dimensional Lagrangian manifold, i.e. point 
{Pi,Qi, P2,Q2, ■■■) G C . Complex germ method leads to the asymptotics of the following 
type 



oo 



= ^ exp (^EP.(g. - Q.)j (8) 

Function JF in formula (§) rapidly decays as its argument tends to infinity and can be 
expressed through the complex germ (see subsection 2.5 for more details). 

Give Fock presentation for functional (§). First, consider for the sake of simplicity case 
P = Q = O.If 

then functional (^ corresponds to the vacuum state vector $o in Fock presentation. If 
functional is arbitrary, then we can extract factor (|^) from functional (^) and present 
corresponding state vector in the form 

(I) *o m 

where J-'i = JF/JFq. Operator Qj \fe can be expressed as a function of creation and annihila- 
tion operators 

which does not depend on e. Any function of operator ( pA]) transform vacuum vector to 
e-independent element of the Fock space, which corresponds to functional (|) if P = Q = 0. 

Consider now the general case, which can be reduced to the considered case. Namely, 
functional (^ can be presented in the form 

exp i-Piq^ exp (-Qi-f\ -Fq (12) 



where / = 1, oo. Expression (|12D can be simplified by obtaining Baker-Hausdorff formula 
for operators 

Ai = iPiqi/e,A2 = -QiS/Sqi,l = l,oo 

From 

-l 00 

A + A2 = ^E(^M-^r0n 

we obtain the following state vector in Fock presentation, corresponding to functional (p!2D : 



U^exp{--J2PiQi)Y (14) 
1=1 
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where 

oo 

= exp(— = - V'r^H) 

1=1 

Y is e-independent state vector, which can be expressed through creation operators 0: 

Y = y(z^+)$o 

From Baker-Hausdorff formula and the following commutation relations 

U^'i:lU^ = i:^ + <P';/V~^, U^'i,rU^ = i'r+<Pi/V~e (15) 

which can be verified by using commutation relations between creation and annihilation 
operators, we obtain that vector (14) can be expressed in a form 

= Y{^^ - 07 v^) exp [^7 + E '^A^^t - -^-o (16) 

where 



g = <P\<Pi/2 + {<P:<P] - <Pi<Pi)/A, / = 1, oo (17) 
We shall usually use Gaussian functionals Y 



F(V'+) = cexp(V'+M,,V';/2),z,j = l,oo (18) 

where c is a constant, M is a Hilbert-Schmidt operator, ||M|| < 1. 

Thus, we have obtained state vector (|16D, corresponding to zero-dimensional isotropic 
manifold. We shall assign matrix M to each complex germ in subsection 2.3. Discussion 
about connection between complex germ theories in Q-presentation and in Fock space in 
more details will be presented in subsection 2.5. 

Consider now asymptotics in Q-presentation, which are peaked in the vicinity of the 
surface (^ if /c > 0. In this subsection we discuss partial case of manifold A'^, which satisfies 
the conditions 

Qk+l = Qk+2 = ••• = Pk+1 = Pk+2 = ... = (19) 

General case will be considered in subsection 2.5. 

Complex germ asymptotics in a case (|I9|) has the form 

T ^gi, Qk] ...^ exp (^-S{qi, qS^ , (20) 

where T rapidly decays at infinity, 5* is a real function. Isotropic manifold, corresponding to 
asymptotics (^), can be parametrized by coordinates Tq = Qq, a = 1, 

Qa{r)=ra,Pa{T)=dS/dTa 
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In order to give Fock presentation of functional (^) it is convenient to reduce it to functionals 
(§)• Namely, consider the following superposition of expressions ([T9|) 



dr 

'M2 



fin 



qi - n 



Qk ~ _ Qk+1 Qk+2 



X exp I - 



k 

a=l ^''a 



(21) 



and choose rapidly decaying at infinity function / in order to make functional (plf ) approxi- 
mately equal to (pO|). Consider the following substitution in integral (^Tf ): 



ia = {qa - Ta)/y/e,a= 1, /c, 

which transforms it to the following expression: 

J dii...d^kf i^i - 6 Ve, Qk - ^kVe; 6, ^t; 



Qk+l <lk+2 



X exp 



k r.q 

a=l '^la 

If e — >^ 0, ^ = const then the exponent in formula (^21) has the form 



(22) 



exp 



i ^ d^S{q) 



Taking into account that / rapidly decays, we obtain that formulas (pl[) and (^0]) are ap- 
proximately equal if 

Qk+l <lk+2 \ 



^ qi,--,qk; 



J df'if ( gi, ...,gfc;6, 



qk+i qk+2 



exp 



2 dqadqi, 



(23) 



Of course, there are many such functions /. 



Functional (pl|) has the following form in Fock presentation 



dr 

'M2 



F(^+ - 077^) exp -\g{T) + iS{t) + ^ 0K^)(v^^/+ - <^'o (24) 



In formula ( ^4]) (^(r) has the form ([T7|). We shall usually use functionals y of the form 
([ISD . Vector (|2^) will be multiplied by e'^/^ for making its norm of order 0(1). Notice also 
that 



T 



^^d<|,; + g{r^^)) + ^Sir^'>) 



t(0) 



-(0)^ 



We shall define a canonical operator by formula, analogous to ( plf ) in subsection 2.4; some 
auxiliary lemmas will be proved in subsection 2.3. Connection between the expression (p^ 
and traditional canonical operator, corresponding to arbitrary Lagrangian manifold with 
complex germ, will be discussed in subsection 2.5. 
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2.3 Some auxiliary lemmas 

We are going now to prove some lemmas. 

Lemma 1 Let L be an operator in that maps a sequence (^1,^2,^3, • • •) into the sequence 
(0, 0, . . . , 0, ^fc+i, • • •)> '^'^'^ Y he a hounded operator in satisfying the following 
properties: 

1. >o,eeZ2; 

2. z/Le = 0,(e,rO = 0, then^ = Q. 
Then there exists a positive k, such that 

(e,(L + r)0>/«(e,0 

for any ^. 

Proof. It follows from the assumptions of the lemma that 

{^,{L + Y)0>m,LO. (25) 
On the other hand, the property |] implies that for LC, = 

It follows then that 

i^,{L + Y)0 = iiE-L)^,YiE-m + m,YiE-L)0 
+ i{E - L)^,YLO + m,{YL + L)0 



> a(^,0 - 2\\Yym,L0i^,0 - i\\Y\\+a)m,LO, (26) 

where = sup 

Il€il=i 

Suppose that for any 6 > there exists a vector E P such that (L + Y)^) < S{^,C,). 
It follows then from (|2|) that m,L^) < 5(^,0 > and it follows from (^ that 

(e, {L + Y)0 >{cr- {\\Y\\ + a)6 - 2\\Y\\V~6){^, 0- 

This inequality for 6 small enough contradicts the condition (L + 1^).^) < 5(^,0- The 
contradiction obtained proves Lemma ^ 

Denote by Wab{T), r G A^, a, 6 = 1, A; the inverse matrix to the matrix J2 g^-, which 
is invertable by axiom m2. We set 

M,,(r) = {{C + zB){r){C - zB)-\r)),, - ^ ^W^..(r)^ (27) 

a,b=l ^^O' 

Lemma 2 The operator M has the following properties 

1. M is a Hilhert- Schmidt operator; 

2. \\M\\ < 1; 

00 

3. E Mijd(P*/dTa = 0, a = l,k. 
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Proof. Since the operators C + iB and Yla b=i j^^abTp- are Hilbert-Schmidt operators, 
and the operator [C — iB)~^ is a bounded operator, we have that M is a Hilbert-Schmidt 
operator. 

Axiom r2 and definition ( P7| ) of M imply that 

oo 

Expression (^) imply as well that 

E-M+M = ((C-z5)+)-M (C + z5)+ ^ f;^*^' 



^ (9r 

a,fe=l 1=1 '-"a 



■WaAc + tB) + 2L] {C-iB) 

on J 



-1 



Lemma |l| implies that for some p > (^, (£" — M+M)^) > p{C,0- follows then that 
||M|| < 1. Lemma |]is proved. 

2.4 Definition of a canonical operator 

oo 

Consider an aggregate consisting of a number e > 0, a sequence (pj, J2 < oo? and a 

Hilbert-Schmidt operator M : — > ||M|| < 1. Assign the following element of H to such 
an aggregate: 

A/ = exp { i (pj ( ^/e'^+ - 0* ) 

+ Y^i^tVe - </)*)M,(V^;v^ - (28) 



where we mean summing over repeating indices, i,j = 1, oo. 



Remark 4 Expanding the exponent in formula ^q ) into the power series over the variable 
e we obtain the l-th component of ^^^m ^Ti. in the following form: 



fc=0 



1 ^ T O 



''Ji 'J2fc-i ''J2fc (29) 



where 



-Mmn<t>n)/V^^ m, n = 1, OO 

1 , 1 

2^' 



c = exp{ — (f)*(l)j - —^*Mij^*}, i,j = l,oo 
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Consider a Lagrangian manifold with complex germ satisfying the quantization conditions 

^ PidQi = ni, rii e Z,i = 1,00 (30) 



27re 
I 



I is an arbitrary closed path on the isotropic manifold A'^. 

Let / be an infinitely differentiable function with compact support on the isotropic man- 
ifold A'^, and let r^^^ be an arbitrary point on A^. 

Denote 



g = 0;(r<»'),#.,(r<»')/2 + (0;(r<»'),#.;(Tl»)) - 0,(t'°')A(t<°'))/4,/ = 17^ 



^ Cir)^W(r) ^ C(r)-mr) ^ 

We assign the following element of 7i to the Lagrangian manifold with complex germ 
[A'^^r], the function /, the point r*^"-* G A'^', and the number e > 0: 

'^[Afe,r],r(0)i ~ J (27r)'=/2e'=/4 
A* 

exp(^[g+/;(0) Ur')dr,(r )]) ^^ (31) 
VdctG+ (r)G(r) ^mMir) 

i = 1, oo; 

where M is defined by formula (|27|), da is the following measure on A'^ 



dr = dri . . . drk, a,b = 1, k,i = 1, oo. This measure does not depend on the choice of local 
coordinates ri, on A'^. 

Remark 5 Since the manifold A'^ is isotropic the integral /^(o) (f)i{T')d(j)*{T') does not depend 
locally on the path. 



Remark 6 The integrand in ( ply is a one-valued function due to the quantization conditions 

m). 



Remark 7 It follows from the axiom r4 that 

{C - tB)+{C - iB) = 2L + {C + iB)+{C + iB) (32) 

Formula implies that the operator G'^{t)G{t) — E is an operator of trace class, and 
therefore Fredholm determinant for the operator G^{t)G{t) is defined. 

Remark 8 By the axiom r6 det[G^ {t)G{t)] > 
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2.5 Connection with the traditional definition of a canonical op- 
erator 



Consider now the relation between definition ( |3T| ) of a canonical operator and the traditional 



definition of a canonical operator [0, Write down the vectors (pSD and (0) in Q- 
presentation. Consider an auxiliary presentation with the wave function depending on I 
momenta and infinite number of coordinates. This presentation will allow us to involve the 
case of focal points into consideration. 

Let J be a finite set of positive integers, I = {ii,i2, ■ ■ ■ Denote by A the diagonal 
matrix with Ajj = 1 for j ^ J, Ajj = —j for j G /. We assign the following presentation 
(/-presentation) of the vectors of H to each set I. 

To each element of Ti we assign the functional 

The Q-presentation is a special case of the /-presentation for I = ^. 
In order to give /-presentations of the vectors and (PT]) use the formula 



$(a*) = j K,{a*)^z*)e-'*'\{dz*dz. 



oo ^ ^ 

Here Kz{a*) is the generating functional corresponding to the vector = exp(X) Zjiljf)^o, 

i=i 

the measure in the functional integral is defined in 0, and $ is an arbitrary element of Ti. 
Introduce following notation 

Plir) = -g,(r),j G I,P;{t) = P,{r),j ^ /; 
Q}(r) = P,(r),j G /,Qj(r) = Q,(r),j ^ /; 



Zj l\.jfYiZjji, Zj l\jjy^ZjjijJj TTL i, OO. 



The functional 



{K^)i{q{,qi,...) = exp|-^z^ l^g^-e^^jexpj-^g^g^} 



m = 1, OO 



corresponds to the vector in the /-presentation. 

This expression follows from the Baker-Hausdorff formula 

pAi+A2 _ Ai A2p-^[AuA2] 4 _ _J_ I I 4 _ _^ 

e —eee^ , /ii — /12 — \^ 2 dq^ 
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and the equality 



exp|ai^|/(g(,g2,---) = + Oi, + ^2, • • •)• 



It now follows that the functional corresponding to the vector has the following form 

in /-presentation: 

{'^4>,M)i{qi, qi,---) = JY[ dz*dzexp (^-zfzj - ^zfzf + ^^zIqi - Y^lili 

+ Y^izfV~e-<l>f)MLiz:lV~e-<i)*r^) 



+ l^l{^ezt-<l>h), Urn 



1,00, 



where = AM A. 

By 13] this integral equals to 



V2 



(33) 



4« J ^det{E+M') 

l,m,n = 1, 00 
= i{E - M^){E + M^)-^ 



Remark 9 Not any element of Ti of form ( |^ ^ may he presented in form (j^^. Indeed, 
det(£^ + M^) exists only if the operator is an operator of trace class, and the ^Bj ) may 
be defined in other cases as well. For example, 

but this vector may not be written down in the Q -presentation. It means that the definition 
of a canonical operator in Fock presentation ( [57^ is more general than the corresponding 
definition in Q -presentation. 

Consider now the vector ( pi]) in the /-presentation. 
By and we have 



, , _ r ^r/(r)^det^(r)|g(r) 



<!XP (i /;« Pl(T)dQl(T) + '-Pl(T)(ql - Qlir)) + - Q\(T))A\^(T)(ql - QUr))) 




'det 


^C{T)-iB(T)\^ 




y^det(E + M^(r)) 
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exp(--E^.(-^°^)^?.(-^°^)h (34) 



l,m = 1, oo, a,b = 1, A; 



where Aj^ is the matrix of the operator A\t) = i{E + KM{t)A)~'^{E - KM{t)K), and M(r) 
is determined by formula (pT]). 

In particular, we have in the Q-representation 



exp (i /;(o) PK^')^^QKr') + fP/(r)(g; - Qi{r)) + ^(g, - Qi{T))Ai^{r){q,^ - Q„(r)); 



/det 



^ C(r)--|i?(r) ^+ ^ C(T)-iB{r) 



V2 



det(E + M(r)) 



Z, m = 1, cx), a, 6 = 1, fc (35) 

A{t) = i{E + M{t))-\E - A'/(r)). 

We present now a heuristic justification of a relation between the definition of a canonical 
operator in Q-presentation (pSf ) and the traditional definition of a canonical operator [|1^, |I|. 

Cover the support of the function / on the isotropic manifold A'^ by a finite number 
of domains Qa,C( = 1,M such that each domain has a one-to-one projection on one of the 
coordinate planes of the form 

Pj = 0,J ^Ia,Qj =0,j E la 
M 

Consider a partition of unity 1 = J2 eQ,(r), where functions ea{T) are infinitely differen- 

a=l 

tiable with a support in Qa- Introduce a notation fai^) = /(r)eci,(r). 
The canonical operator in the Q-presentation has the form 

Calculate now the integral in formula (|3^) that expresses (/C^^^ ^(o) /«)/„■ 
Introduce following notation: 



^mn Bmni ^mn C*mn) TTL ^ I 
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and Sab is the inverse matrix to the matrix 

dQl^jdQi_dP[dQl^ 

The following statement holds. 



^, j = 1,00. 



Statement 1 1. 



I ir<I\-l\ 



A' - A 



J dQi dP} 



S, 



ab 



dTa dTa 

j,m,n,r = 1, 00, a,b=l,k 



On 



dn 



(37) 



2. 



det{E + M^) 



det 



■det 



- ^B\C^)-^] 
1 (dQi, J dQi dPidQi 



dTa 



dn dTa dn 



m, n = 1, 00, 



a, b 



l,k 



(3^ 



Proof. Property ( pTD follows from the following expressions for B^{C^) ^ and A^: 
NL = Ml^ + -P^Wab^, a,b=l,k, m,n = l,oo, 

dTa dn 

where W„b is the inverse matrix to the matrix 



^f-,a,6 = l,A;,m = l,oo, 



A^ = i{E + M^)-\E - M^) 

and from the property Mmnd4>i^ / dTa = 0. 

The proof of formula (|38|) bases on the following Lemma. 



Lemma 3 Let y"',z"' G I ,a = l,k, and let R be the operator in I of the form Rk 

k 



c=l 



Then det R = det(5afe — iv^, z^)),ci,b = l,k. 



Proof. Choose an orthonormal basis {cg, s = l,oo} in / such that only the first k 
components of the vectors y"", a = l,k differ from zero. Then 



deti? = det{6ij - ^(e^, Cj)), i,j = l,k. 



c=l 
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Since the functions det{6ab — o:{y"', z^)) and det(5jj — a y'^){z^, ej)) are polynomials 

in a, and Taylor-series expansions of their logarithms as a — >^ coinside these functions 
coinside as well. 

This completes the proof of Lemma |^. 

Lemma ^ implies that 

det {6mn + {E + M)-i |^W„,f^_^= 

= det(5„f. + iy„,f^(i? + M)-i„f^), a,b,c=l,k, s,m,n = T;^ 

Formula (0) now follows. The statement is proved. 
Therefore we have 

(ire f \ (Jc \ _ r dTf{T)e^i'o'/'^ 

A/it{CWi) V I ydra y ) rnn\ J dn V J dra W filrt V 

•exp (l J Pt{r)dQ^-{T) + \Pt{r){ql^ - Qk{r)) (^9) 

\ r(0) 



m, n = 1, cxD, a, 6 = 1, /c 



r 



We choose the sign of Jdei{C^-^) so that 



i?eVdet(C^"y2)/ (^e"^''^/Vdet((C7 - ?fi)/V2)j > 

(this real part cannot vanish since 

i?edet(C^"V2)/(z'" det((C - iB)/V2)) > 0). 

Find the asymptotics of integral (^). Since ImA^ > only the domain in R'^ where 
{im ~ Qrni.'^)){lrn ~ Qmi'^)) ^ ^ providcs a uou exponentially small contribution. Denote 
by f{q) the point of minimum of {q^ - (5^(r))(g^- - Q^(r)). 

Expanding the exponent in a neighborhood of the point r we obtain 

/;(o) Pt{T')dQ^^{T') + Pt{r){ql^ - Q'^ir)) + \{ql^ - Q'^{r))Ai-^{rWn ' Q'n{r)) 
= /;(o) Ptir')dQi^ir') + P^^(f)^^^e+ ^.UAi^^ir)^ - f #(^)^(r)t„t. 



"'"^ 1 dfa ^' ^ dra \' )^''rnn\' J J '^asm > 2 dfa VW^-^mnVW dfb 

m,n = 1,00, a,b=l,k, ta = {ra - fa) / y/e, = {qm - Qm{f ))/ y/e 
Integrating over ta,^m we obtain the following asymptotics 

iTTld /4+ I Arg dot 2^ (t)^ 

•/(f)e^/^exp|i / P^(r')t/g^(r')+P^(f)(g4-g^(f)) 

I t(0) 

- QLimB'iC^)-%Uqn - Qiif)) - 1 E P,(r(°))Q/rW^^ 



(40) 



1, 00 
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Remark 10 It follows therefore that the definition of a canonical operator in the present 
paper differs from the classical definition only by the factor const cxp(f Argdct^^). This 
factor changes the quantization conditions and the transport equation for function f. 

This heuristic will not however be used in the proof of the theorem. 



3 Time evolution of a Lagrangian manifold with com- 
plex germ 

Consider now a canonical transformation of a Lagrangian manifold with complex germ. 
Let 

m\ 0) = E E Httn...jA. ■ ■ ■ ^IJn ■ ■ ■ (41) 

m=l n=l 

g{m,n) _ j^{n,m) 

^i^-ih-jn is symmetric separately over ii, . . . , and over ji, . . .J^i- 

Definition 3 We say that a canonical transformation V^^jt e [0,T] of a Lagrangian mani- 
fold with complex germ [A^,rt] corresponds to the Hamiltonian H, if 

1. there exists on the segment [0,T] a solution (j)j{T,t) of the Cauchy problem 

0,-(r,i)|t=o = 0;(r) = (g;(r)+./^°(r))/V2, (42) 
such that for any Ai, . . . , A^, Aj G {0, 1, 2, . . .}, i = l,k the derivatives 

^Ai + ...+Afc 



oo 



exist, and the series XI I ^ (f'ji^-, ^)P converges. 

j=l 



2. there exists on the segment [0, T] a solution of the following Cauchy problem 

d<p^d(j)*i d(j)md<pi 

iflmn{r,t) = nfa(T,t) + ^ln{r,t) (43) 



Umn{r,0) ^ 5mn: ^mn{r,0)^0 m, n, Z = 1, OO 
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(the arguments (f)*{T,t),(f){T,t) at the derivatives of H are omitted) such that for any 
Ai, . . . , Afc, Aj G {0, 1,2,.. .}, i = l,k the derivatives 

aAi + ...+Afc 

TT(Ai.-.Afc) = — n (t t) 

nAi+...+Afe 
Q(Ai,...,Afc) ^ Q / 

exist, the operators hounded, and the operators VL'^^^^---^^k) Hilbert- 

Schmidt operators. 

A canonical transformation "D^ of a Lagrangian manifold with complex germ is a set of 
transformations mapping the manifold Aq in the manifold 



where (f)j{T,t) is a solution of the system (^^, and the matrices 5(r, 0), C(r, 0) into the 
matrices B{T,t),C{T,t) such that 

Remark 11 T/ie substitution 



makes the equations Hamiltonian with the Hamiltonian function H{(Qj — iPj) / ^/2, {Qj + 

Remark 12 The equations for the matrices B and C are equations in variations for this 
Hamiltonian system (see / |7^ 

Lemma 4 The pair consisting of the manifold Aj and the complex germ corresponding to 
the matrices B{T,t),C{T,t) is a Lagrangian manifold with complex germ. 



Proof. First of all, check that the following matrix 

(45) 



n n 
n n 



is a matrix of a proper canonical transformation, i.e. 

n+n - n+n = e, n^u = u^n, nn+ - Cin^ = e, nu-^ = n^^. (46) 
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At the initial moment these properties obviously hold. Equations ( ^31) imply that 

(n+n - n+fi)- = 0, (fi^n - n^^)- = o 
(nn+ - Cin'^y = o, (fin+ - uiFy = o. 

Properties (^) hold therefore at any moment of time. 

Check now the axioms of a Lagrangian manifold with complex germ. Properties (^Bf ) 
imply germ axioms r3, r4 and axiom m3. Axiom m2 follows from the invertibility of the 
matrix ( ^Sj) Axioms ml,r5 follow immediately from the definition 3. Axiom rl follows from 
linearity of the system (|43|) . Axiom r2 follows from the equation (|4^). 

Berezin have shown that for matrix of a proper canonical transfornation ( ^Sf ) 
||n~^0|| < 1 and operator n~^ is bounded. Formula (0) implies that \\{C + iB){0,T){C — 
iS)-i(0,r)|| < l,so ||n-in(C + i5)(0,r)(C-i5)-i(0,r)|| < 1. Thus ,the following operator 

{C - iB)-\0, t){E + U-^Q{C + iB){0, r)(C - tB)-\0, T))-^U-\t, r) = {C - iB)-\t, r) 

is bounded, so axiom r6 is also satisfied. Lemma @ is proved. 

It is also easy to check that the quantization condition (|30|) holds at any moment of time 
whenever it holds at the initial moment. 

Remark 13 In the case of a germ in a point the preserving of the germ aximos has the 
following sense: the product of two matrices of proper canonical transformations ^ 

(I! n) (f ^) 

is a matrix of a proper canonical transformation . 

4 Connection between geometrical and canonical 
quantization and some examples 

Suppose H{^/e■^p^, ^ip') is a selfadjoint operator in Ti of the form 



m,n=l 

Consider the Cauchy problem for the equation 



iiJ(v/F^+,v/?^-)l>(t), men, 



$|t=o - JC'^^k^^^^^^mfo 
Introduce a notation 



(48) 



Vl/^m - r drf{r,t) Vdeta^(r,f)g^(r,f) 
^ WW^^ ^det[G+{T,t)Gir,t)] 

f (^'*) 1 ^ (49) 

■exp / (0Kr^t>0;(r\tV^^(0*(r\t'),0(r^t>t')] $^(,,t),MM) ^ ^ 

[ (t(0),0) 

/ = 1, oo, a,b = 1, k. 
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where 

g = 4>Kr^'\ 0)Mr^'\ 0)/2 + (0;(rW, O)0;(rW, 0) - Mr^'\ 0)Ur^'\ 0))/4, 



(50) 



Theorem 1 Suppose H^^'f* are number sets such that 

1 J. *1 •■ ■ tm Jl ■••jn 

\\<Ci, eG (0,eo),Ci >0. 
where M{T,t) is defined by formula (^f7\). Let the canonical transformation "D^ correspond 
to the Hamiltonian H, and let the series J2 Lf^^^ P converge. 



n,m=l 

Then the solution of the Cauchy problem j ^^ ) may be presented in the form 

|.(t) = ^^(t) + 5(i)(t) 

{Si'\t),6i'\t))^~^^0 

(l>(t),<l>(t)) = 0(1) as e^O. 

A proof of this theorem will be given below as a corollary of a more general statement. 
Hence it will be proved that the canonical operator really gives the asymptotics of the Cauchy 
problem solution, i.e. that the geometrical quantization is compatible with the canonical one. 

Consider now some examples. 

Example 1 The following approximate solution of the equation coinciding up to a 

constant factor with the vector ^^(t),M{t) corresponds to a zero dimensional isotropic manifold: 

i!\t) = exp(^/e) 



^dct[G+(t)G(i)] 
• exp I i /(0;(t')0Kt') - z/7)rft' ) <l^(t),M{t) 



J \r I \ - / T I \- / I 

/ 



m,n,l = 1, oo, 

where we omit arguments 0*(t'),0(t') at H. 
The matrix M satisfies the equation 



d(f)sd(f)*^ d(j)sd(j)r 



1, oo 



In the Fock presentation this vector coincides with the vector ^2^) up to a constant factor. 
Note that all the components of the vector corresponding to a zero dimensional isotropic 
manifold differ from zero. 
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Example 2 [T 

Let H he of the form 



n=l 



The family g\j maps a one dimensional isotropic manifold of the form 

0,(r) = 05exp(zr),rG[O,27r) 
into an isotropic manifold of the form 

(f)j{T, t) = ^j{t) exp(ir), r G [0, 2tt), 



where (f)j is a solution of the equations 

Introduce as usual F = {C + iB) /V2, G = {C - iB) / ^2. 
The equations in variations for F and G 

.. _ d^H ^ d'H ^ _ 

d(j)md(t)l d(t)md(t)r 

have a solution of the form 

F{t, t) = F{t)e'\ G{t, t) = G{t)e-'\ 

The quantities 

do not depend on r. If fo does not depend on t, the function f{T,t) does not depend on t 
as well. 

In this case vector has therefore the following form 



i!\t) = exp(^7/e) 

X , ^=exp - / {(pi{t {t ) -iH)dt 

MetG+{t)G{t) Yi 



./27reV4 

■exp (^l(^+y^e^- - 0*(t))M,,(^+v^e^- - </)Kt))) $o, J.l =T;^ 

The quantization condition is of the form 

= eAT, N e Z. 
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It is easy to see that integrating over r makes zero all the components of hut the N-th. 
This component has the following form (up to a normalizing factor): 



K = 



^ ^^2^^i:£2Lc(t), (51) 

i<ii/-7^j2*<Af • • • ^h2k 



= {FG )ij - (f)i(l)j/{(f)*„^(f)m), l,j,rn = l,oo 

Formula i\5l\) coincides with that obtained in / |73|/ for the stationary case. It may be also 
obtained by taking the N-th component of the state vector corresponding to a germ in a point 
(see ^, ^). 

The matrix M that vanishes at the initial moment may differ from zero at other moments 
of time. It now follows that an N-particle wave function may not be decomposed into a 



product of one-particle wave functions (i.e. in form {5J_) with M = 0) as e 0, N 
oo, eN — > const, even in the case it is decomposed into such a product at the initial moment. 
For the case of classical statistical mechanics this statement has been stated and proved in 

m 



Example 3 The approach developped here may be also spread formally to the case of quan- 
tum field theory, for scalar quantum electrodynamics, for example. Formulas, however, look 
more simple for the theory of a real scalar field with self-action. This theory describes an 
approximation of n-mesons interaction J^, |^7|/ . The Lagrangian for the theory is of the form 

C = ^{d,<P){d^<P)-^<P'-^-<P\ fi = 0,l,...,d-l, (52) 

where d is the space-time dimension. 
The following Hamiltonian 

n{p{-)A{-)) = /rf'^-M|p'(x) + i(Vg(x))2 

+ ^fi^) + fg4(x)), (53) 



corresponds to the Lagrangian ( |5l 

After the substitution ^/gp = P, = Q the Hamiltonian p^j becomes 

nP{-),Q{-)) = i/rfx(ip2(x) + i(vg(x))^ 
+^g2(x) + ig4(x)), 

[Q(x),P(y)]=2^75(x-y) 
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The theory may be interpreted in the terms of particals with the help of following creation 
and annihilation operators: 



g(x) = / ^^^(^+(l)e-'- + ^-(l)e^'- 



(2vr) 



2 



According to the outlined scheme one may assign solutions of secondary quantized equa- 
tions of the sort ^4^ ) to each Lagrangian manifold with complex germ. 

For constructing such an asymptotics one must solve a Hamiltonian system and a system 
of equations in variations. 

The Hamiltonian system has the form 

Q(x,t) = P(x,t) 

p(x,t) = Ag(x,t) -m2g(x,t) -g3(x,t) 

and the equations in variations over the variables 6P, 6Q are 

B{x,t,T) = AC{x,t,T) ~m^C{x,t,r) -3C{x,t,T)Q^{x,t,T) 

C{^,t,T) = B{^,t,T) 

The outlined conception may be applied without a preliminar regularization if 

I rfx(g(x, t, r)Vm2 - Ag(x, t, r) + P(x, t, r) ^ ] P(x, t, r)) < 00, 
J \Jm^ — A 



and the operator BC^^ — i\/m^ — A is a Hilbert- Schmidt operator. 

If these conditions are not satisfied, regularization must be treated more closely. 

The conception of geometrical quantization may be applied as well to the scalar quantum 
electrodynamics in the a-gauge with the Lagrangian 



~ 4' 



+ {d^ + ieA^)^*{d^ - ieA^)^ - m^^*^ - 7($*$)^ 



5 Complex germ creation and annihilation operators 



The theory of complex germs allows to construct not only asymptotic solutions of type (^Qf ) 



of secondary quantized equations. Other asymptotic solutions of the equation (|48|) may be 
obtained also with the help of so called germ creation and annihilation operators. 

Suppose a basis on a complex germ is chosen so that the matrix A from the axiom rl 
of a complex germ is diagonal. Consider following creation and annihilation operators on a 
Lagrangian manifold with complex germ: 



(54) 
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F={C + iB)/^2, G={C-iB)/^2, a = A; + l,oo, m = l,oo 



Let z/q G {0, 1, 2, . . .}, a = + 1, oo, t'a < C)0. Let /(r, r") be a closed path on A*^, 

a=k+l 

such that it is covered by a path on with the beginning in point r and the end in point 
r . Suppose that the following quantization condition holds for any such path 

- — f ^ PmdQm= la{r' ,r")ua + n, neZ (55) 

Zne Ji{t ,t ) 



I II , 



where 7q,(t', r") are determined by the condition Aq, ^(r', r") = e*'''"'-^ 
Consider the following element of Ti: 



^ /,\ _ r dTf{T,t) V 8Ta ' ^ aTfc V ' ^ 
^ (^^FW ydetG+(r,t)G(r,t) 

•exp(i^(r,t))^^^/Mr+t---<^>. 



(T,i),M{T,t)5 



(56) 



I = 1, oo, a,b = l,k 



where 



^(r,t) = i.0r(rW,O)0K^(°\O) + i.(0r(rW,O)0r(rW,O) - 0) 
0/(r(°\O)) + /(55„)(i0Kr',t')rf0r(r',t') 
-i/(0*(r',t'),0(r',t'))rft'), 



and f(T,t),M(T,t) are determined from the formulas ( pOD and (^) respectively. Let $(t) 
be the solution of (^), satisfying the initial condition $(0) = (0). 

Theorem 2 Suppose 

\\H{V~e4j+, V~etp-)Al\\'Al%' . . . ^^ir,t),M{r,t) II <C2, e G (0, eo), > 0. 

Let t/ie canonical transformation V\j correspond to the Hamiltonian H , and the series 

oo 

\d'^H / dipmdipn^^ converge. Then 

m,n=l 

m = ¥it)+5,it), 

(4(t),5e(t))^^Q0, (<l(t),<l>(t)) = 0(l), e^O. 



Remark 14 In the case of C-Lagrangian manifold / |73| / ,when 7q, = 0, a canonical operator 
can he generalized. 

fal\.. where aj = /c + 1, oo, n = 0, oo 6e a set o/ infinitely differentiable func- 

tions with compact support on the Lagrangian manifold with complex germ [A^,r], where the 
following series 

oo oo 
n=l ai,...,a„=k+l 
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converges at all r. 

The following element of Ti is assigned to the Lagrangian manifold with complex germ 
[A'',r], the set of functions f^^^,,,^a„ij)' point t^^^ G A'^, and the number t > 0: 



/det|^(r)^(T) 
'^[A*,r],r(0)i - J (2^)'=/2.'=/4 4/jetG+(r)G(r) 



• exp (\S{r)) E E A, A, . . . A„$<^M,MM, 

n=l oi,...,o„=fc+l ■ 

/ = 1, OO, a,b = l,k 

(57) 

/'■^^ = / o.'i^d other /^"^ = then canonical operator is equal to canonical operator 
31). 



Example 4 Consider the Hamiltonian from example and suppose 4>i{t) is a solution of 
the form (piit) = exp{—iQt) of equation (U^. 

Suppose that there exist matrices F and G such that 

Pi G R, Gmi = Fml = —(f>m 



F G = G F, G*^^Gmf3 - F^aFmf} = 5a/3, m, / = 1, OO, a, /5 = 2, OO 

F is a Hilhert- Schmidt operator and G has a hounded inverse operator. 

Consider a Lagrangian manifold with complex germ corresponding to the following func- 
tion (pi 

(f)i{T, t) = (pi exp(i(r - Vtt)) 

with matrices F and G 

F^i{T,t) = F^iexp{-i{f3i/Q-l){T-Qt)), 
Gmi{r,t) = Gmiexp{-t{f3i/n+l){r-nt)). 

The matrix A{0, 2tt) is 

A(0,27r) = diag{l,exp{2mf32/^),exp{2mf33/Q), . . .}. 
And the quantization condition is 

OO 

A=2 
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Vector (|5^ depends on time as exp{—iSt) , where 

Hence it is an approximate solution of the stationary equation 

Example 5 Consider now the complex germ given by the following matrices: 

Fmi{r,t) = Fjniexp{-iQt + iT)exp{if3it) 
Gmiir, t) = Gmi exp{iQt - ir) exp{iPit) 

The matrix A{0, 27r) is the identity matrix, and the quantization condition has the form 



In this example vector ( |5^ is also an approximate solution of the equation ^5^ ) for 

This solution coinside with that given in 

Find now a relation between the results of examples 4 o-nd 5. Let 0(i)^, 0(2)™ be solutions 
of the equations 

^10(1)™ = ^20(2)„ = dH/d(l)\^)^ 

such that 

oo 
A=l 

0(1)™ = 0(2)„ + Xm, 11x11 =C'(e), ^2-^1 = 0(e). 

We have 

(0(1), 0(1)) - (0(2), 0(2)) = 0(2)™Xm + 0(2)„Xm + O(e2), m = 1, OO 

It now follows that the values of S in two examples coincide up to O(e^). 

Remark 15 We have shown for a specific example how different quantization conditions 
may be used with simultanious change of the transport equation. Conviniency determines 
the choice of quantization conditions. In the finite dimensional case a quantization condition 
of the kind 

^rre Ji{r ,r ) Z 
is often used (ji^). 

In the infinite dimensional case this condition makes no sense even for the simplest 

oo 

Hamiltonian H{(f)*,(f)) = J2 0i0i ^^'^^^ for the isotropic manifold with complex germ as in 

i=l 

example 4-1- 
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Example 6 Consider one more (heuristic) way to deduce a formula for £ (see /|7i|// 

Note, that if a family V\j acts on a two dimensional isotropic manifold with complex 
germ in the following way 

(^V)(n,r2) = 0(ri + l^it, r2 + 1^2^) 

F{Ti,T2,t) = F{Ti + Qit,T2 + n2t) 

G{Ti,T2,t) = G{n + nit,T2 + n2t) 

then multiplication of the function fri, T2, 0) by exp{i{niTi +n2T2)) leads to multiplication of 
the vector ( {Sdj ) by exp{—i{niQi + n2^2)t), ni, n2 E Z. 

Consider now "almost invariant" two dimensional isotropic manifolds close to one di- 
mensional manifolds in examples 4,5: 

Ut. n, T2) = e-^(--^*)(0, + 5(F,^e^(-+^"*) + GLe-^(-+^"*))), 6 ^ 0. 

The values of £ corresponding to these almost invariant manifolds are 

£^'> = £^^ + PmfJ'm, l^m G Z. Sincc these values must agree with the value for a neighbor- 
hood of a one dimensional manifold the last value is of the form £^^^ + Y.m=i Pm^m, G 
{0,1,2,...}. 

6 Proof of the theorem 

Let us now prove theorem 2 on the base of the following lemma. 
Introduce notation 

+ y;mMr')d<p-{r'), J = 1,00 

We assign to number sets Vij^r), i,j = l,oo and (^a")ii...i„(T), a = 1,2, n = 
1, s, ip = 1,00 the following operators in H: 

\ V / n=0 ^ ^ 

i, j,ii, ... ,in = 1,00, a = 1,2. 
Introduce also the following notation 

•exp(i0j(r)(7/'+v^-0*(r)))l'o, a = 1,2, j = l,oo. 
The commutation relations for the operators ipf imply 

- drexp(fS(r)-i<^,(r)<^*(r)) 
*a = J ^fc74 

xe7?(*^ W'^/-'^JMi')r,(r, 7/'+)|)o, j = T;^, a = 1, 2 
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Lemma 5 Let the matrix Vij{T) correspond to a Hilhert- Schmidt operator!) in l^, < 1, 
Vijij) and (^a"')ji...i„(T) being smooth functions ofr, functions (^a"')ji---«n(''") having compact 
supports, 

oo 

E \iY:h...^r.ir)\' < c, n = —s, a = 1,2. 



Then 



exp(6(7f^(r)^+ - ^(r)^7))r2(r,^+)$o), (59) 

on on 

>k 



b = l,k, eeR% j = l,oo. 
Proof. We have 

{^l,^) = j dn^^^(S(T')-S^T))-^^{^i{T)rj{T)+,p,{T'W,(T')^ 

^(i/>+((A,(t')-(A,(t))-i/>7(</,*(t')-(A*(t))-(^ / ' ?_|_Ni N . 1 

.gyj^'^j ^"^J^ ' "^J^ '^j ^"^j^ I ^:>'- "Y2{t J = 1,00 

It is easy to show that the contribution of the integrating domain {n — ^){Tb — r^) > 
(5i > 0, A > 0, 6 = in the integral (|59|) is exponentially small. For (r^ — 
'^b)in — T~b) — Sie^^'^^'^ the integrand may be presented as 



xF2(r ,^/'+)$o), j = l,oo, b,c,d=l,k, 
6 = (^b - n)/Ve, \Rbcd{r, r')| < const, 

E l-'jl'T, r )p < const . 
i=i 

Integrating over r and ^ as e ^ we obtain (^9|). Lemma ^ is proved. 
Lemma ^ implies 

Corollary 1 = 0(1) as e 0. 

Proof. It is sufficient to prove that only the integral 

X expte(|f ^^P;n)}atTCr ■ ■ ■ _ (60) 

differs from zero. Show ffist that 

P e {k + l,k + 2, . . .}, b = l,k, m,n = l,oo, ^^^^ 
X = a+ . . . a+ a^, . . . a^, exp(i^+M„„7/'+)|)o, 
ai, . . . , ar, Pi, . . . , Ps ^ {k + I, k + 2, . . .} 
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Indeed, make use of the presentation of the scalar product in the left hand side of ( |6TD 
as a functional integral (see 0): 

/ rf'e / \{dz*dzX{z*){G„,pd/dz„, - F^^zJ 

ry- /dcpm dcpm d ,1 \ -2* 2 

X exp{^;,(— — Zm - — ) | exp( -2;^M„„Z„) 6 " ™ 

dn on ozm 2 

Integrating over ^ and using the property Mmn^^ = we conclude that the functional 
integral is equal to zero. 

Check now that integral (|60D differs from zero. The commutation relations 



'1 ^+1 0(Pm 7-1- OiPjyi 



make this integral equal to 

(^m)!(^fe+2)! . . ./ d'i{%,eM\i^;nM*^nk) 

86 - 86* - 1 - - 

X exp(6^^+ - -^i^^n)) exp(-V^+M_^+)<|.o. 

It is easy to check that the last expression differs from zero. The corollary is proved. 
Now we may give a proof of theorem 2. Check that 

{t^ - -H{V~4^, V~4-)^\t) ^0 (62) 
8t e e ^ 

The vector \I' (t) may be presented as 

-^;^exp(-5(r,t)--, 



^ W = / ^ exp(-g(r,t) - -0*(r,t)0,(r,t)) 



^^ Jdet^(r,t)^(r,t) 
^ ^ 27ry=/2 ydetG+(r,t)G(r,t) ^ ^ 



a,b = 1, /c, j = 1, oo. 

Since 



'at 
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where j = 1, oo, arguments t, r at 0*, are omitted, we obtain 

8 1 - . /• r/r 



X exp(^^(r,t) - l0*(r,t)0,(r,t) + -L(0.(^,t)^+ _ 0*(r,t)V^7)) 
e e 



X x(r,t)(a+^i)'^'^-+^(a++2)''+'---'^'o,M(r,t), J = l,oo. (64) 
The conditions of the theorem imply that the norm of the vector 

is uniformly bounded. Since the operator H{(j)* + y/eip^^cf) + y/eip') is a polynomial in ^/e 
of the form 



the norms of the vectors 



^l-'-i^Li^l ■■■^Z,H,---,im,jl,---Jn = 1,00, 



are also uniformly bounded. By Lemma |^ the right hand side of the formula (0) may be 
presented as 

/djT i 1 

-^exp(-^(r,t) - —(p*{T,t)(pj{T,t) 

1 d^H 7_ d^H 7, 7_ , , 

2 d(j)md(l)n d(j)*^d(j)n 



j, m, n = 1, cxo. 

where we made use of the relations 

dS/dt = -i(f)i(j)*i - H{(f)\(f)) 

by the definition of S, and 
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by equations (^). 

It is easy to check that 



a = fc+l,oo, a = l,A;, j = l,oo 
1 92/7 1 S^i/ , , 92 i/ 



2 d(t)*jnd<pl 2 d(f)mO(pn 0(PmO(Pn 

Let us make use of Lemma ^, commutation relations ( |65D and the functional integral 
presentation for the scalar product [@]. It is then easy to check that if for any z 

d 1 d'^H 1 d^H d d 



of i 



exp(e6^^,)exp(-ef,Tr^T^)xe^"'"^'"""" =0, m,n,j=T;^, h,c = T7k (66) 

(where arguments t, r at the functions M, x,(p*,4> and arguments 0*(r, t), 0(r, t) at the deriva- 

fives of if are omitted) then the norm of the vector {id/dt — H^y/eip^ , y/eip') / e)^ (t) tends 
to zero at e — ^ 0. 

Formula (p6| ) may be checked by calculating the Gaussian integral at ^ using presentations 
for x,M,F,G. 

The property ( p^ ) is therefore proved. Estimate now S'^{t). Introduce notation 

e 

k\t) = ¥{t) - m, r(t) = (^1 - H)¥it). 

The function k'^{t) is the solution of the Cauchy problem 

d 



and it is 



Hence 



that implies 



t 



k\t) = J dt exp{-iH{t-t))s'{t). 



< I mt)\\dt^^^o 



wmw 

e — >^ U 



Theorem 2 is proved. 

This work is supported by International Science Foundation, grant 7^ MFOOOO. 
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